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Why Distributed Optimization?
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Massive computation
and communication

Local private data

Distributed algorithms

(e.g., average consensus)

4

Share computation
instead of data

Why Distributed Optimization?

Mathematical problems appearing in several fields
(Engineering, Economics, Biology, Social Sciences, ...

Well-established numerical schemes
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Why Distributed Optimization?
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Why Distributed Optimization?

OO o CAUTION

ENTER AT YOUR
OWN RISK

Network Challenges

Optimization Challenges
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Network Challenges
Distributed algorithm: compute locally & communicate with neighbors

. o—°
e Undirected/Directed \‘/r‘
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Network Challenges
Distributed algorithm: compute locally & communicate with neighbors
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OPTASVIART?

Network Challenges

Distributed algorithm: compute locally & communicate with neighbors

o —°

e Undirected/Directed ~N @
o—
o—©®
e Fixed/Time-Varying *\.,’/‘
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Network Challenges Network Challenges

Distributed algorithm: compute locally & communicate with neighbors Distributed algorithm: compute locally & communicate with neighbors

o ° o—°

e Undirected/Directed N ) e Undirected/Directed N )
‘ — ‘ —

o—©® o—©®

e Fixed/Time-Varying ‘\‘//‘ e Fixed/Time-Varying ‘\‘//‘
o— . o—

e Asynchronous \\ ) e Asynchronous \(

o— 8

o Unreliable \“%‘

Topology and communication NOT a design parameter
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Optimization Challenges Optimization Challenges opTas iy
min f(z) min f(z)
x x
subj.to x € X subj.to z € X

Nonsmooth (convex), Nonconvex,

Mixed-Integer, Combinatorial \J w
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Optimization Challenges Optimization Challenges

min f(z) min f(z)
x x
subj.to x € X subj.to x € X
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| : ; )
i i Cen
i i S

------- 7
Nonsmooth (convex), Nonconvex, Nonsmooth (convex), Nonconvex, . - ‘ l
. . . . . . \ b4 ; | )
Mixed-Integer, Combinatorial Mixed-Integer, Combinatorial i 1o : 1
i i : )
‘ ‘ : )
[ i i i i
x| | T T T T
L T4l 4T
Big-Data (high dim. dec. var.) Big-Data (high dim. dec. var.) hoe)
&2 z;
- Dynamic, Online,
Stochastic, Uncertain
"
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Distributed Optimization Paradigm Distributed Optimization Paradigm

Optimization Optimization

min f(z) min f(x)

subj.to x € X subj.to z € X EQ I;}O
S )

'\.//o

Network 3 E@ Network
o—° o— °
™~ ‘// @ ™~ ‘// @

Agents

e know only part of optimization problem

e cooperate to compute a solution
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Cost-Coupled Set-up Cost-Coupled Set-up

filz), s eR2—"
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filz), s eRZ—"
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N ' N
min Y. fi(z) ;nelg ;fz(x)

Il
-

e N agents communicate over graph G @ e N agents communicate over graph G

@
e agent i knows f; only (@)
i
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Cost-Coupled Set-up OPTASIIART: Cost-Coupled Set-up
Y file), e RE—" > filz), e R2—
N =1 N i=1
50 Ry 5O

it

J H agent 1 estimate
.
1

e N agents communicate over graph G

1
|
1
6/:7‘ . i ___>_O_O_ o optimal solution
1 *
. ' | consensus &
. 1
fi \ /‘ agent N estimate :

e ! solution estimate of i )

e agent i knows f; only
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Data Analytics Data Analytics

N N
min Y ||b; — Diz||? +r(z) min Y ||b; — Dyz||? +r(z)
T —— T ——
fi(z) ° fi(@)
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Data Analytics Data Analytics

N
min 3 ||b; — Dyz||? +r(z)
T D] ——
fi(z)

N
min 3 ||b; — Dyz||? +r(z)
T D] ——
fi(z)

Paradigm

e local private data

e cooperate to learn from all data
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Data Analytics Common Cost Set-up

N
min Y ||b; — Diz||? +r(z)
T D] N——

min f(z)
fi(z) x
N
subj.to z € ﬂ X;
. i=1
Py I
4 1
i
Paradigm /
. —
e local private data G)
bi, DN
e cooperate to learn from all data
Share computation instead of data
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Common Cost Set-up Support Vector Machine

. 1 2 A
min —||w||* + C
min f(z) Wbt 2” I 9 N .
* N subj.to £i(w p; +b) >1—¢,Vi o A .
)
i ) > o A
subj.to z € ﬂXl §20 . R
i=1 o ® o

e agent i knows common cost f and local constraint X;

|
|
. . . | (©)
e algorithms suited for this set-up e//
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Support Vector Machine

Support Vector Machine

. 1 S A . 1
min §||wH2+C§ oA . an §||w|\2+C§
subj.to £;(w i +b) > 1—&,Vi BN subj.to £;(w i +b) > 1€,V
€20 o P 4 €20 o
° ~ A e\, A Y
o ® o . l
T -~

\ 1
\
Local constraints and common cost
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Support Vector Machine

Constraint-Coupled Set-up

1 2
min — + C.
w,é,ﬁ 2”’[11“ 5

T2
min c177 + 2T ,\(01, c2)
T1,T2
subj.to £i(w p; +b) >1—¢,Vi :
) iw pi ) & subj.to 1 € X1, 2 € Xy T---
£>0
Xa

: | |
| + + 1
\\ Xl
\

Local constraints and common cost '

N 0/

fupi\
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Constraint-Coupled Set-up

Constraint-Coupled Set-up

x2 x2
min ¢ + caxo ,\(01, c2) min c¢;z1 + caT2 Tcz y\(cl» c2)
@1,a2 T1,22
SUbj.tO T € X1, 22 € X9 Tr--- subj.to r1 € X1, 9 € Xo Tr---
Xz Xz ¢
_Viii\ 1 ‘Vﬁii\ 1 él
w (a1, 23) ‘ (a1, 23)
: ) 1 : ) 1
X1 Xl
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Constraint-Coupled Set-up

Constraint-Coupled Set-up

T2 Zj
. N
min ¢ + com (c1,¢2) :
T1,T2 1 20 \ \ Z1I,n1,I;N = fl(Iz) \
subj.to z1 € X1, 2 € X» - subj.to z; € X, Vi T
= \ > o \
Ay + Agze < b | > gi(zi) <0 1___
X N i=1 !
. (zlvzm 5 X \ T
X1 ~ X ~
Ajxy + Asxa <) )
e N agents communicate over graph G Q//‘
e (z1,...,zN) dec. var. — size grows with N

e agent ¢ knows f;, g; and X;
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Constraint-Coupled Set-up

Ty
. N
min filzi)
1

T1, TN =

OPTASMARTS

subj.to z; € X;, Vi TN

:Zlgi(%) <0 Xj_,,,,\

Xi
agent 1 estimate R 1-st component
i t— oo i
optimal
solution
agent N estimate N-th component
¢t |TTTSsT===" *
TN t— oo TN

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 9

Distributed Optimal Control

N

sziEN 1:21 (Tiozi(zi(T)vui(T)) + mi(zi(T))>

subj.to z(7+1) = A;z;(7)+Bju;(7),Vi, 7€(0,T)
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Distributed Optimal Control

min 3 (32 Getr),ui(r) +m(1))

Z1,.02ZN —
UL,eo s UN i=1 *7=0
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e\ / ® 1/“:\ i : :

I [t " 1
‘/, b i
T i

OPTASMARTS
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Distributed Optimal Control

N

T
TP ( Ci(zi(7), wi(T)) + mi(zi(T))>
Upeouy =1 S7=0

subj.to z(7+1) = A;z;(7)+Bju;(7),Vi, 7€(0,T)
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Distributed Optimal Control

=

min 3 (5 Glalr), uln) + (D))

subj.to z;(7+1) = A;z(7)+ Bu, (1), Vi, T€[0,T)

Z,‘(T) S Zi, ’U/I(T) S Ui7

N

> Hizi(m) < h,
=1
%

Sys

Sys
Sys
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Distributed Optimal Control

Vi, 7€[0,T)

€[0,T]
I T 4
=
Tt ot

min 3 (3 Glar) uln) + (1))

Ul,..  UN

2140052
1y:+92N i=1

subj.to z;(7+1)

= AZZZ(T)+B~LU1(T)7VZ7 TE [0, T}

Distributed Optimal Control

21,0032 h
15--3&N i=1

Up e UN 7=0

min 3 (£ G u@) sm@) |5 A

subj.to z;(7+1) = A;z;(7)+ Biu; (1), Vi, 7€[0,T)

R
\

x; € X;
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N
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Distributed Optimal Control

N

z
I =1

N
win 3 (X ) b)) |8 )

Ui, 7UN

subj.to z(7+1) =

Aizi(T)—"Biui(T), VZ7 TE [07 T]
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N N ~ N
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Challenge Wrap-up Selected Topics

Network

e Undirected/Directed
/ Cost coupled - Distributed Big-Data Optimization
e Fixed/Time-Varying

e Asynchronous, Unreliable

Common cost - Constraint Exchange

Optimization

e Nonsmooth (convex), Nonconvex,

Mixed-Integer, Combinatorial Constraint coupled - Distributed Primal Decomposition

e Big-Data (high dim. dec. var.)

e Dynamic, Online, Stochastic, Uncertain
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Consensus-based Method OPTASVART? - Consensus-based Method

N N
min ; fi(x) min ;fi(:c)

Centralized (sub)gradient

2 — gt ot dt

update direction
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Consensus-based Method

N
min ;fi(@

Centralized (sub)gradient

N
T =zt —al| X Vi(ah)

update direction
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Consensus-based Method

N
min Y. fi(x)
T =1

Centralized (sub)gradient

N
et =gt —at| 3 Vin(a)

update direction
Distributed update

2t =
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|Consensus-based Method

N
min 3 fi(z)

Centralized (sub)gradient @

update direction
Distributed update

t+1 _
z, =
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Consensus-based Method

N
min 3 fi(z)
T =1

Centralized (sub)gradient

N
st =gt —of| 2 th(xt)

update direction
Distributed update

t
d =] X wii T
JEN

averaging
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Consensus-based Method |Consensus-based Method

N N
min 3 fi(a) min 3 fi(a)

Centralized (sub)gradient Centralized (sub)gradient

N N
2 =t — ot Z th(xt) 2 =t — ot Z th(wt)
h=1 h=1
update direction global

Distributed update Distributed update

1
1
|
| /'
et =| 30 wijaf o et = 30 wijaf ! d;

, | , —a {
JEN: \ ! ) JEN;
- wij 0 / :
averaging N N averaging local
. wi; =1 wis =1
(push-sum for digraphs) jz::l Y ,;1 Y
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Distributed (Sub)gradient Distributed (Sub)gradient

N N

Distributed (sub)gradient Distributed (sub)gradient
t+1 _ At + t+1 _ ol At .
i > wiah | T sz‘( > wij T i > wiay [T V(Y wi;
JEN: JEN: JEN: JEN:
t
d;
Theorem
Convex costs fi, ... = Consensus:  lim ||z} — z'|| =0
Diminishing stepsize (o' — 0 and ...) L breel
. b Optimality:  lim ||z° — 2| =0
Doubly-stochastic weights t—o0
Nedi¢ & Ozdaglar, “Distributed subgradient methods for multi-agent optimization.” TAC 2009 Nedi¢ & Ozdaglar, “Distributed subgradient methods for multi-agent optimization.” TAC 2009
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Distributed (Sub)gradient Gradient Tracking

N

Distributed (sub)gradient

t+1 _
T =Y wyah| T dt
t+1 t JEN;
T; - Z Wij Iz -« sz< Z Wij H?g)
JEN; JEN;

Some early literature

[Johansson,CDC’08], [Nedic, TAC'09], [Nedic, TAC'10], [Cattivelli, TSP'10],

[Ram,JOTA'10], [Lobel, TAC'11], [Wang,CDC'11], [Chen, TSP'12], [Lu, TAC'12],

[Bianchi, TAC'13], [Lee,STSP'13], [Jakovetic, TAC'14], [Shi,$JO'15],

[Shi, TSP'15], [Nedic, TAC'15], ...
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Gradient Tracking OPTaSMARTE Gradient Tracking OPTASMARTE

N N
min Y. fi(x) min > fi(x)
T =1 T =31

t+1 t+1
S IDUIRTVES d; T X wig | T d;
JEN: JEN;
Main idea: Dynamic average consensus
N
t— 1 L t+1 _ ~
KIETag SR FACH A=\ 5y dy || (Vi) - Vi)
— JEN;

average of gradients
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Gradient Tracking |Gradient Tracking

N N
min 3 fi(a) min 3 fi(a)

t+1 t+1 _
Ty = Zwux; - dt T = Zwux; - dt
JEN; JEN;
dttt = Todt |+ t+1 ¢ qitt = T dt |+ t+1 ¢
i > Wij Gy Vfi(l‘i ) — Vfi(x}) i > Wij Gy Vfi(l'i ) — Vfi(x})
JEN: JEN:
Theorem
Smooth (nonconvex) costs f;, ... S Consensus:  lim ||z — | = 0 )
Constant stepsize o Optimality: tl?°° o “lo linear rate
Row (w;;) CImn (i;;) stoch. weights ptimality:  lim [[2" — 27| =
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Gradient Tracking OPTASMARTS - Other Approaches for Cost Coupled
N
min Y. fi(x)
=
e Dual decomposition
t+1 _
R PR o |
JEN: e Primal-Dual
1 — =t t+1 . N .-
d; ZN Wiy df [+ <Vfi(«77i ) = Vfi(x}) e Alternating Direction Method of Multipliers (ADMM)
JEN;

Some history of gradient tracking

[Zanella, CDC-ECC'11], [DiLorenzo, CAMSAP'15], [Xu,CDC'15],
[Nedic,CDC'16], [Qu,CDC’16], [Sun,Asilomar’16], [Qu,CDC’'17], [Xi, TAC'18],
[Xu, TAC'18], [Xin,L-CSS'18], ...
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Block-wise Gradient Tracking

N
min Y. fi(z) x|l
Tooi=1
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Block-wise Gradient Tracking OPTaSMARTE

N
min Y fi(z) x|
L=

minimizing w.r.t. z too costly block-wise
transmitting = unaffordable optimization/communication
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OPTASMARTS

Block-wise Gradient Tracking

N
min Z fz(.’lf) |
Tooi=1

collaboration with G. Scutari and Y. Sun (Purdue University)
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Block-wise Gradient Tracking OPTASMARTE
1
flx)
N
min Y fi(z) x|
T 0
@B x

Block selection rule: —
0 block selected at time ¢ by agent ¢ H H
Block-dependent neighbor set: 4(’

neighbors of i sending block ¢ at time ¢ .*//'. e—
A

\. (&) \.‘/v/,.
N2 {GeN [l =t u{i CN;
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Block-wise Gradient Tracking

1
f(=)
N
min Y. fi(z) x|
Toi=1
B
N L T T
(&0 0, otherwise
e Wise?l0) 2t o l+atot Agt
R R I Pi,0) A% (i,0)

att = ¥ Wit gt I Véfi(xéz:l)) — Vefi(x(; )

(.0 7| . o (3.
JENT, TGO d)zj,z})
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Block-wise Gradient Tracking Convergence

Theorem

Let {z},...,z% }+>0 be generated by block-wise gradient tracking with

e strongly connected graph + ess. cyclic block-selection rule

o diminishing step-size o'

e smooth (nonconvex) costs f;, ...
gt & 1NN e ot
Let ' = & Y7L, B3, T (.. then

(i) consensus: [|lz(; ) —&'| = 0ast— oo, forallie{l,....N}
(i) convergence: every limit point {Z'};>¢ is a stationary solution.

Extensions: regularization and constraints, single-block gradient update

OPT4SVIART?

Notarnicola et al., “Distributed Big-Data Optimization via Block-wise Gradient Tracking.” arXiv 1808.07252
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Block-wise Gradient Tracking Convergence

Theorem

Let {zf,..., 2% }t>0 be generated by block-wise gradient tracking with
e strongly connected graph + ess. cyclic block-selection rule
e diminishing step-size af
e smooth (nonconvex) costs f;, ...

~ N
Let z' 2 5 30,0, ¢, y2{, ), then

(i) consensus: |zf, ) — '] — 0ast— oo, forallie {1,...,N};
(i) convergence: every limit point {Z'};>0 is a stationary solution.

Notarnicola et al., “Distributed Big-Data Optimization via Block-wise Gradient Tracking.” arXiv 1808.07252

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 18

Stochastic Big-Data Optimization
hi(2;&;)

N
n;in 21 Ee, [hi(z; &)

8

Problem features:
e Big-data ‘/‘
e Stochastic \ (/v/"

e Nonsmooth (Convex)
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Stochastic Big-Data Optimization oPTasAR Y
hi(z;&;)

N
rnzin ;]Egl [hi(z; &)

8

N D I

Distributed Block Subgradient

t __ t
Y = > wiyay
JEX,

Mo —1
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Stochastic Big-Data Optimization OPTASIARTE

hi(2; &)

N
min _ZleEgi [hi(z; &)

8

Ny I

Distributed Block Subgradient

DRraAw ¢ and ¢!

. t4+1
gt ie = i [Vha(yis €], =0 Sy
it zky, otherwise H
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Stochastic Big-Data Optimization oPTasAR

hi(2; &)

N
mmin ;]Egl [P (25 &)] ﬁ

LARN
Distributed Block Subgradient
i = Y wia)
JEN:
DRrAW ¢! and &} °
. t+1
Jo s y;e —af [Vhi(y;?;ff)]e’ if £ = 62 i !
- s otherwise H
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Distributed Block Subgradient Convergence OPTASWART: =

Theorem

Let {zf,...,2% }+>0 be generated by distributed block subgradient with
o «! diminishing
e doubly stochastic weights

e unbiased stochastic subgradients

Then, for all i € {1,...,N}

Joest(@f) 7= J*

Farina & Notarstefano, “Randomized Block Proximal Methods for Distributed Stochastic Big-Data Optimization” arXiv 2019
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Distributed Block Subgradient Convergence

Theorem

Let {z,..., 2% };>0 be generated by distributed block subgradient with
e a! diminishing
e doubly stochastic weights
e unbiased stochastic subgradients

Then, for all i € {1,..., N}

foest (%) Parondl it

Extensions

e constraint set X C R and proximal mapping

e awake/idle nodes

Farina & Notarstefano, “Randomized Block Proximal Methods for Distributed Stochastic Big-Data Optimization” arXiv 2019
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Distributed Submodular Minimization OPTASNART?

N
i F (X
min 3 Fi(X)

Lovasz extension

N

e ORORORORORONGRC)

i 0.
e - ‘ E
R o .

Farina, Testa & Notarstefano, “Distributed Submodular Minimization via Block-Wise Updates and Communications” arXiv 2019
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Distributed Submodular Minimization

N
pin ; Fi(X)

N
ORORORCRORORORO)

: R . :
SEH .

Farina, Testa & N “Distributed Submodular Minimization via Block-Wise Updates and Communications” arXiv 2019
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Distributed Submodular Minimization

N
i Fi(X
w2 i(X)

i=

')

Lovasz extension

g e e e e (e e e

N
Lo El fi(z)

(Roe e (pe e e e e e

e fkre ke e bpe oo re ke

Ve

@0POOEO®OO

s e e B ok e e

100200 300 400 500

=
=1
S
S
S
=1

Farina, Testa & Not “Distributed Submodular Minimization via Block-Wise Updates and Communications” arXiv 2019
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Selected Topics Distributed Abstract Optimization

IS N
min ¢’
Cost coupled - Distributed Big-Data Optimization z
N
L J .
subj.to x € ﬂXi Tc
i=1
Common cost - Constraint Exchange
IS N
Constraint coupled - Distributed Primal Decomposition
L J
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Distributed Abstract Optimization Intuition on Linear Programming

min ¢'
x
_ N min ¢'
subj.to x € ﬂX,- Tc z
i=1 subjto ajz <b; ic{l,...,N} Tc
——
X

e agent i knows c and X;

e convex optimization problem

e
(abstract programs) /
c
e asynchronous, unreliable, directed communication \‘/’

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 23 Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 24



Intuition on Linear Programming Intuition on Linear Programming

min ¢'z min ¢'z
x x

subj.to @]z <b; ic{l,...,N} subj.to @z <b; ic{l,...,N}
N—— N——

X; Xi
basis: at most d active constraints
Key idea: each agent stores and exchanges a candidate solution basis B!
Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 24 Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 24
Constraints Consensus Algorithm OPT4SMART: = Constraints Consensus Algorithm
Initial constraint: X; Initial constraint: X;

Gather B} from j € Nf

44,--_}{_44
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Constraints Consensus Algorithm

Initial constraint: X;

Gather B} from j € Nf
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Constraints Consensus Algorithm

Initial constraint: X;

Gather B} from j € Nf
Build Hyype and compute i as

T

. Bi+l
argmin ¢ x
T

subj.to x € Hyyp

Update BE’H as a basis of r?’l (6]
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Constraints Consensus Algorithm

Initial constraint: X;

Gather B} from j € Nf

CT X
Build Hyyp and compute a;ﬁ*'l as “

argmin 'z
T

subj.to x € Hyyp
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Constraints Consensus Algorithm

Initial constraint: X;

Gather B} from j € Nf

Build Hyype and compute zi™! as
argmin cla

x

subj.to x € Hyyp

Update Bf“ as a basis of 1:2“ (@)

Theorem
Jointly strongly connected digraph
Abstract programs (e.g., convex programs)

Notarstefano & Bullo, “Distributed Abstract Optimization via Constraints Consensus: Theory and Applications.” TAC 2011

=» There exists T > 0 s.t. ot =a*, Vi, Vt>T
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Mixed Integer Linear Programming

min ¢'z
x
subj.to a] z <b; i€ {l,...,N}
x € 797 x RéR

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 26

Cut Generation and Constraint Exchange

Initial constraint: X;

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 27

Mixed Integer Linear Programming

min ¢’z
xr

subjto a] x <b; i€ {l,...,N}
r € 2% x Rir

Cut Generation and Constraint Exchange

Initial constraint: X;

Generate cutting planes
(Gomory and cost-based cuts)

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 26
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Cut Generation and Constraint Exchange

Initial constraint: X;

Generate cutting planes
(Gomory and cost-based cuts) !

Gather B! from j € N}
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Cut Generation and Constraint Exchange

Initial constraint: X;

Generate cutting planes
(Gomory and cost-based cuts)

Gather B! from j € NV}

Build Hyyp and compute 1:5“ as

. ©

argmin ¢’ x
xT

subj.to x € Hyyp

Update B}“ as a basis of r?“

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 27

Cut Generation and Constraint Exchange opTas T

Initial constraint: X;

Generate cutting planes
(Gomory and cost-based cuts)

Gather B! from j € N}

Build Hyype and compute zi™! as

argmin e
T

subj.to x € Hyyp

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 27

Distributed Algorithm for Integer-Valued MILPs oprasii

Theorem

Let {z},..., 2% }+>0 be generated by cut generation and constraint exchange algorithm with
e jointly strongly connected digraph
e bounded feasible set
e integer optimal cost

Then, there exists 7' > 0 such that Vi =1,..., N

xi =a* forallt>T (optimal solution)

Testa et al., “Distributed Mixed-Integer Linear Programming via Cut Generation and Constraint Exchange.” TAC 2020 (in press)
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Distributed Algorithm for Integer-Valued MILPs

Theorem

Let {zf,...,2% }+>0 be generated by cut generation and constraint exchange algorithm with
e jointly strongly connected digraph
e bounded feasible set
e integer optimal cost
Then, there exists T' > 0 such that Vi =1,..., N
i *

xzy =a*, forallt>T (optimal solution)

Extensions

e general MILPs
e e-suboptimal solution by approximate epigraph reformulation

Testa et al., "Distributed Mixed-Integer Linear Programming via Cut Generation and Constraint Exchange.” TAC 2020 (in press)
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Selected Topics oPTaSMyEE

Cost coupled - Distributed Big-Data Optimization

Common cost - Constraint Exchange

Constraint coupled - Distributed Primal Decomposition

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 30

Distributed Robust Optimization

min ¢’z
x
N
subj.toz € (1) Xi(g),Vq € Q

i=1
z € 29% x Rr

e convex (mixed-integer) robust programs

e agents know cost ¢ and X;(q) collaboration with

(¢ € Q uncertain parameters) M. Chamanbaz and R. Bouffanais (SUTD)
e local verification and re-optimization

Chamanbaz et al., “Randomized Constraints Consensus for Distributed Robust Mixed-Integer Programming.” (subm)

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 29

Constraint-Coupled Optimization

N
min fv:(xi,)
T1, TN i1
SUbj.tO z; € X; Vi

N

i=1

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 31



Constraint-Coupled Optimization Constraint-Coupled Optimization

N N
min > fi(z;) convex functions min 37 fi(2;)
Tlye-®N =] T1, N ]
subjto r; € X; Vi subj.to z; € X; Vi <——— convex, compact local sets
N N
> A <b S Az <b
=1 i=1

R 77 feasible

fi(@)

Z;
Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 31 Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 31
Constraint-Coupled Optimization OPTASMART: = Constraint-Coupled Optimization
. N . N
min filzs) min fi(w:)
T1,. TN ] T1, TN i1
subj.to z; € X; Vi subj.to z; € X; Vi
N N
> A;jx; <b <——— linear coupling constraints > A <b
i=1 1=1
b
[Avzy [-] Asti [ Anen]

Some (incomplete) literature
Duality-based: [Biirger, TAC'14], [Chang, TAC'14], [Simonetto,JOTA'16], [Falsone,Aut’'17], ...

Resource allocation: [Lakshmanan,SJO’08], [Necoara, TAC'13], [Cherukuri, TCNS'15], ...
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Constraint-Coupled Optimization

N b
min fz(ﬂll)
Tl TN =1

subj.to z; € X; Vi

N

i=1

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 32

OPTA4SMARTS ™

Constraint-Coupled Optimization

N b
min fi(z)
Tiyn®N 2]

subj.to z; € X; Vi

N

i=1

min fi(z:)

subj.to z; € X;
Az <y

— Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 32

Constraint-Coupled Optimization

. N
min fl(.%,)
T1y--TN 51
subj.to z; € X; Vi
N

i=1

— Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 32

Constraint-Coupled Optimization

) N
min filzi)
1N {2

subj.to z; € X; Vi

N

i=1

Halcin fi(z:)
subj.to z; € X;
Aixy <y

— Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 32




Primal Decomposition

p1(y1) pi(yi)

OPT4SVIARTS"

PN (yn)

min f;(z;)
T
SUbj.tO r; € X;
Az <y

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 33

Primal Decomposition

master problem

) N
min pi(yi)
1

Y150 YN =

N
subj.to > y; =b

OPT4SVIART? ™

i=1
Yi € Y, Vi
p1(y1) Pi(ys) P (yn)
min f;(x;)
subprob 1 subj.to z; € X; ~| subprob N

Ay <y

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 33

Primal Decomposition OPTASMARTS

) N
min i(y:)
Y1,--YN =1
N
subjto > yi=10
i=1
vy €Y; Vi
p1(y1) pi(y:) N (yn)

min f;(z;)
T
SUbj.tO r; € X;
Az <y
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Primal Decomposition OPTASMARTE

master problem

) N
min Pi(yi)
1

Y150 YN =

N
subjto > y; =b

i=1
P1(y1) Pi(ys) PN (Yn)
min f;(;)
subprob 1 subj.to z; € X; ~| subprob NV

Ay <y
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|Subgradient Method on Master Problem

centralized update

N
Yt =yt —al Zl (Vpi(yf) - ij(y})> vi
=

OPT4SVIARTS"

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 34

|Subgradient Method on Master Problem

update y;

yit=yi—a (Vpi(yﬁ)*ij(yj-))
jEN]

update yn

~+

vl | | Vpilyf)

subprob 1 |-

1
|
!
=
1
1
1
1
1
|
|
1
1
1
1
1
1
1
1
|
1
1
1
1
1
1
1
|
1
1
1

min f;(z;)
Zi
subj.to x; € X;
Az <yt

1
|
|
t
1
1
1
1
1
|
|
1
1
1
1
1
1
1
1
|
1
1
1
1
1
1
1
|
1
1
1

-------- subprob NV

OPT4SVIART? ™
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|Subgradient Method on Master Problem

centralized update

N
Yt =yt — o Zl (Vpi(yf) - ij(y})) Vi
j=
vi || Vpiy)
min f;(z;)
subprob 1 subj.to x; € X; -| subprob N

¢
Az <y

OPTASMARTS

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 34

More on Subproblems

Q1: What if subproblem is infeasible?

min fi(z;)

subj.to z; € X;
Az <yt

Q2: How to compute Vp;(y!)?

Yi

—
min A;x;
for z; € X;

infeasible local problem

AN

OPTASIVIART? ™
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More on Subproblems

Q1: What if subproblem is infeasible? yt

min  fi(z;) + Mp; -
Ti,Pi min AlIl

SUbj.tO xT; € AX,7 Pi >0 for x; € Xl
Az <yl +pil

transient violation

Q2: How to compute Vp;(y!)?

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 35

Distributed Primal Decomposition Algorithm

Yy =yl — ot 2 (uh — ph)
JEN;
. J
yl | | pd
min fi(xi) + Mp;
TiPq
subj.to i € Xi7 Pi >0
wi s Avws < yf + pil

‘\
(i ) i = Vi (yi)

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 36

s = Vpi(y5)

More on Subproblems OPTASMART:

Q1: What if subproblem is infeasible? ot

—>
. I T
min  fi(z;) + Mp; ;
Ti,pi min A;xz;
SUbj.tO xT; € Xi, Pi >0 for x; € Xl
wi s Ay <yl 4 pil |

transient violation

Q2: How to compute Vp;(y!)?

Use multiplier uf of A;z; <yl + pi1:

Vpi(yf) = —pi

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 35

Distributed Primal Decomposition Convergence oPTasAT

Theorem

Let {z},..., 2% }+>0 be generated by distributed algorithm with
o o' diminishing step-size

e M > 0 sufficiently large

Then:
N
o lim fi(zh) = f*
1

t—oo ;=

t t " . . .
® Ty,...,T >0 — . .. . (\Ty,...,T optimal solution
{ v ’ N} = every limit point ( v ’ N) P

Notarnicola & Notarstefano, “Constraint Coupled Distributed Optimization: a Relaxation and Duality Approach.”
TCNS 2020 (to appear)
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Mixed-Integer Linear Programs

Extension to Time-varying Graphs
N

min el
L1y TN 4=1

random edge activation
subj.to z; € X} C ZF x R™ Vi

1t ot t+1 1+l
yitt =yl —a Z}W(uj —ui) °
JEN]
;@ X
i ! > A <b
! / “Edge" =
i /“ PY block local sets XMr
O\\ variable
\
e

Analysis approach
e Block subgradient method

e Random block (edge) selection

Camisa et al., "Distributed Constraint-Coupled Optimization over Random Time-Varying Graphs
via Primal Decomposition and Block Subgradient Approaches.” (subm. to conf.)
Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 39
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Mixed-Integer Linear Programs

Mixed-Integer Linear Programs

N, N
min e w; min ¢ @
T1,-0TN =1 T1,IN ]
subj.to ; € X;"" CZ* x R™ Vi subj.to z; € conv(XM") Vi
N N
> Az <b A < b
i=1 i=1
local sets X" local sets conv (X))

Challenge: large-scale and NP-hard problem to be solved in short time

Goal: fast computation of "high-quality” suboptimal solutions
Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 39
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Mixed-Integer Linear Programs Mixed-Integer Linear Programs

N
min Y ¢
Z1-&N 4=

subj.to z; € conv(XM") Vi

N
min Y ¢ 2
Z1--TN  j—1

subj.to z; € conv(XM") Vi

N N
> Ay < b <—— S constraints Az <b «<—— S constraints
=1

i=1 i=
local sets conv (X)) local sets conv(X}"")
Theorem (Shapley-Folkman): Let (z{°™,...,z§"") be unique optimal solution Theorem (Shapley-Folkman): Let (z{°™,...,z5™") be unique optimal solution
Then 2§°"" already mixed integer for at least NV — S agents Then 2§°"" already mixed integer for at least NV — S agents

State of the art: dual decomposition (Vujanic,Aut'16, Falsone,Aut'19)

Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 39 Giuseppe Notarstefano — Optimization in Networkland: Challenges and Opportunities — ECC ‘19, Naples — 39

Restriction of Coupling Constraints Restriction of Coupling Constraints

ST | |
min > ¢

N |
min > ¢
T1,nTN (21

T1,TN

subj.to z; € conv(X;™F) Vi [ v | | v | YN subj.to z; € conv(X;™F) Vi R [ — [ uv |
N N
i=1 i=1
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Restriction of Coupling Constraints Restriction of Coupling Constraints

b—o b—o
N N
o o
min clz; | | l min ez | | l
T1,0TN ] ! T1,0TN ;=1 '
subj.to 2; € conv(X}"P) Vi T — T [ ynv | i subj.to x; € conv(X}™") Vi T — 7 R
N | N t t !
at mos
S A <b-o ‘ S Axi<b-o S ‘
i=1 i=1
yt_:onv y_CoﬂV
2 7
— —
For 27°™ not mixed integer :] For z§°™ not mixed integer :I:] violate
min A;x; min A;x;
for z; € X}"° for x; € X0P
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Distributed Primal Decomposition for MILP OPTASMART: = Distributed Primal Decomposition for MILP
Convexified problem Convexified problem
N N
min > ¢z Solve with Distributed Primal Decomposition min 3 ¢z Solve with Distributed Primal Decomposition
T1,. TN ] Tiyn®N [
subj.to z; € conv(XM") Vi yb — ygony subj.to z; € conv(XM") Vi yb— ygonv
N N
=1 =1
vi
—

:I:]p,; Compute z! € X} with
K3

min A;z; minimal violation of A;z; <y,

for x; € X"

t
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Finite-time Theoretical Results

Finite-time Theoretical Results

Theorem

Let {zf,..., 2% }+>0 be generated by distributed algorithm for MILP.

Camisa & Notarnicola & Notarstefano, “A Primal Decomposition Method with Suboptimality Bounds
for Distributed Mixed-Integer Linear Programming.” CDC 2018
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Theorem

Let {z},..., 2% }+>0 be generated by distributed algorithm for MILP.
Then, for given “extra restriction”, 37T > 0 such that
e MILP feasibility:

s

ol e XM v, At <b,  Vt>T

i=1
e MILP suboptimality bound:
N e .. .
Z cjxi _ gy § convexnl‘lcat‘lon restrllctlor] distance to Yt Z T
= suboptimality suboptimality convergence

Camisa & Notarnicola & Notarstefano, “A Primal Decomposition Method with Suboptimality Bounds
for Distributed Mixed-Integer Linear Programming.” CDC 2018
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Finite-time Theoretical Results

Theorem

Let {zf,...,z% }+>0 be generated by distributed algorithm for MILP.
Then, for given “extra restriction”, 37 > 0 such that
e MILP feasibility:

o8

s
Il
N

ot e XM v, Az

S

<b,  Vt>T

Camisa & Notarnicola & Notarstefano, “A Primal Decomposition Method with Suboptimality Bounds
for Distributed Mixed-Integer Linear Programming.” CDC 2018
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Numerical Computations

Montecarlo simulations with X; C Z x R (100 instances, N = 50, S = 10)

restriction magnitude solution quality

o
(==}

@
(e}

| | I
B primal decomp.
Em dual decomp.

B primal decomp. ||
mm dual decomp.

(=2}
(==}
(=2}
(=}
|

no
(==}
no
(=]
|

Relative frequency [%)]
g

Relative frequency [%)]
S
|

almost

. — |
optimal 0 l_a.ﬂ_..‘.l“-.

10-1 100 10! 0 20 40 60 80

normalized ||o||

relative suboptimality [%)]
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What Next? |More info @ ...

S optdsmart.dei.unibo.it
Network /optimization challenges P
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